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Abstract

This study addresses the house allocation problem in which each agent
initially owns an object and some objects are social endowments. By using
the concept of structure of ownership rights, David Gale’s Top Trading Cy-
cles (TTC) rule is extended to this problem (Pycia and Unver, 2017). How-
ever, some TTC rules associated with a given structure of ownership rights
violate endowments-swapping-proofness, which requires that no pair of agents
can benefit from swapping their endowments before operating a given rule.
Therefore, we identify a necessary and sufficient condition for a structure
of ownership rights under which the associated TTC rule is endowments-
swapping-proof. Based on this result, we characterize a subclass of TTC rules
and provide new insights into the kidney exchange problem.
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1 Introduction

We study the house allocation problem with private and social endowments,
where some houses (indivisible objects) are privately owned by agents and oth-
ers are owned by no agents (i.e., the unowned houses are social endowments).
We assume that each agent initially owns one house and has strict preferences
over all houses. The mechanism designer must determine a matching between
agents and houses, provided that each agent is assigned exactly one house. Typ-
ical real-life examples of this problem are on-campus housing (Abdulkadiroglu
and Sonmez, 1999) and kidney exchange (Roth, Sénmez, and Unver, 2004).! The
housing market (Shapley and Scarf, 1974) is a special case of our problem in
which there are no social endowments.?

We focus on the possibility that a pair of agents benefits from swapping their
endowments before the operation of a given rule. In kidney exchange, for exam-
ple, this possibility exists when a pair of patients swap their donors by exploiting
legal loopholes (i.e., fake marriage and fake adoption) to obtain higher-quality
kidneys. Endowments-swapping-proofness requires that a rule be immune to such
pairwise manipulation via endowments.>

David Gale’s Top Trading Cycles (TTC) rule is of central importance for the
study of the housing market, and it is well known that this rule is endowments-
swapping-proof (Moulin, 1995; Fujinaka and Wakayama, 2018). Following Pycia
and Unver (2017), Gale’s TTC rule is extended to our house allocation problem
using the concept of “structure of ownership rights,” which specifies the owner-
ship rights of unmatched houses.*® In contrast to the housing market, we find
that some “extended” TTC rules violate endowments-swapping-proofness. More
specifically, there is a structure of ownership rights such that the associated TTC
rule violates endowments-swapping-proofness. Based on this fact, we identify a nec-
essary and sufficient condition for a structure of ownership rights such that the
associated TTC rule satisfies endowments-swapping-proofness.

'In the kidney exchange model, the social endowments correspond to “Good Samaritan
donors” (Sénmez and Unver, 2006).

2See, for example, Sonmez and Unver (2024a,b) for extensive surveys of matching models
without monetary transfers.

3Endowments-swapping-proofness pertains to pairwise manipulation. Moulin (1995) introduced
the property pertaining to manipulation by a coalition of any size in the housing markets.

“We assume that a structure of ownership rights grants each agent the initial ownership rights
of his endowment.

SThe class of those extended TTC rules is equivalent to that of hierarchical exchange rules
introduced by Papai (2000).



We show that an independence condition called restricted independence is a nec-
essary and sufficient condition of a structure of ownership rights for endowments-
swapping-proofness of the associated TTC rules (Theorem 1). This condition states
that even if a pair of agents swap their endowments before the implementation
of a given rule, the ownership right of a house that they do not own remains
unchanged.

In our problem, Pycia and Unver (2017) has characterized the set of TTC rules
associated with a given structure of ownership rights by efficiency (no chosen
matching can be changed such that no agent is worse off and some agent is better
off), individual rationality (no agent is worse off than he is with his endowment),
and group strategy-proofness (no group of agents can benefit by jointly misrepre-
senting their preferences). In conjunction with this characterization, our result
leads to a new characterization of the subclass of TTC rules (Corollary 1): A rule
satisfies endowments-swapping-proofness in addition to the three axioms if and only
if it is a TTC rule associated with a restricted independent structure of ownership
rights.

Our result has an interesting implication for the kidney exchange model (Roth,
Sonmez, and Unver, 2004), which is an important special case of our problem.
Roth, Sénmez, and Unver (2004) propose six types of the Top Trading Cycles and
Chains (TTCC) rules, each of which is an extension of Gale’s TTC rule to accom-
modate the kidney exchange model. Moreover, they show that the “TTCC rule
with chain selection rule e” is the only efficient and strategy-proof rule among these
six TTCC rules. This TTCC rule is equivalent to the TTC rule associated with a
structure of ownership rights (Krishna and Wang, 2007), and this structure satis-
ties restricted independence. Thus, our result shows that this desirable TTCC rule
also satisfies endowments-swapping-proofness.

Finally, we extend our analysis to two more general models and provide new
insights. The first one is the house allocation problem with existing tenants (Ab-
dulkadiroglu and S6nmez, 1999), where some agents do not initially own a house.
The second problem is that some agents initially own multiple houses, assuming
single-unit demand.

Related literature For the housing market, several characterizations of Gale’s
TTC rule have been proposed (for example, see Ma (1994), Takamiya (2001),
Miyagawa (2002), Hashimoto and Saito (2015), and Ekici (2024)). The charac-
terization of the TTC rule in terms of endowments-swapping-proofness was first



presented by Fujinaka and Wakayama (2018). Since then, an increasing number
of studies have explored endowments-swapping-proofness. Chen and Zhao (2021)
provide another characterization of the TTC rule based on endowments-swapping-
proofness. Tamura (2023) shows that Fujinaka and Wakayama’s (2018) charac-
terization still holds on the domain of single-dipped preferences. Fujinaka and
Wakayama (2024) show that, once exchange constraints are imposed, no rule
satisfies individual rationality and endowments-swapping-proofness. For the multi-
type housing market, Feng (2023) proposes extensions of endowments-swapping-
proofness and characterizes TTC rules accommodating the market based on the

extended axioms.®

Notably, these studies assume no social endowments. To
the best of our knowledge, our study is the first to explore the implications of
endowments-swapping-proofness for the house allocation problem with private and
social endowments.

Pycia and Unver (2017) introduce TTC rules associated with a given structure
of ownership rights in the house allocation problem with existing tenants.” For
this problem, a subclass of TTC rules has been extensively analyzed: Abdulka-
diroglu and Sénmez (1999) propose “You Request My House—I Get Your Turn”
(YRMH-IGYT) rules; Karakaya, Klaus, and Schlegel (2019) propose the TTC rules
associated with “ownership-adapted” priority structures.® As mentioned above,
our result can be extended to this general problem. The structures of owner-
ship rights defining these TTC rules satisfy restricted independence. Thus, we find
that both the YRMH-IGYT rules and the TTC rules associated with ownership-
adapted priority structures satisfy endowments-swapping-proofness. See Section 5
for more details.

Organization of the paper The rest of the paper is organized as follows. Sec-
tion 2 describes our model and introduces endowments-swapping-proofness. Sec-
tion 3 defines TTC rules using a structure of ownership rights. Section 4 explains

the motivation to introduce restricted independence and presents our main results.

®In the multi-type housing market, there are multiple types of indivisible objects, and assume
that each agent initially owns one object of each type and receives exactly one object of each type.

"Pycia and Unver (2017) also introduce the class of Trading Cycles (TC) rules, which includes
that of TTC rules. Each TC rule is based on a structure of control rights in which an agent can be
not only the owner of a house but also its broker. They characterize the class of TC rules in terms
of efficiency and group strategy-proofness.

8Ssnmez and Unver (2010) characterize YRMH-IGYT rules by means of efficiency, individual
rationality, strategy-proofness, weak neutrality, and consistency. The class of the TTC rules associated
with ownership-adapted priority structures includes YRMH-IGYT rules.



In Section 4, we also apply our results to the kidney exchange problem. Section 5
discusses how our main result can be extended to more general problems. Sec-
tion 6 concludes by mentioning remaining issues. Proofs omitted from the main

text are relegated to appendices.

2 Preliminaries

Let I and H denote the set of agents and houses, respectively. Suppose 2 < |I| <
|H| < +00.? Eachagenti € I has a strict preference relation ~; over H. We denote
the induced weak preference relation of >-; by 7=;. That is, for each {h, 1’} C H, if
h 7; W', then either h ; I’ or h = I'. Let & be the set of strict preferences over H.
A preference profile is a profile (=;);c; € #!. Foreachi € I, each =; € &, and
eachh € H,let U"(>~;,h) = {h' € H: i’ =; h} be the strict upper contour set of
h according to ;.

A matching is a function x: I — H such that foreachh € H, |[x~'(h)| < 1. We
write x; for x (i), where x; represents the house that agent i receives under x. Let X
be the set of all matchings. We denote a private endowment by w = (w;);c; € X,
where w; represents the house initially owned by agent i. Note that each agent
owns one house as his endowment.!? For each w € X, let

Hy ={he H:Viel, h# w;}

be the set of unowned houses (or social endowments) at w.

An economy ¢ = (>, w) is a pair of a preference profile = € 2! and a private
endowment w € X. Let & = 2! x X be the set of economies. For each w € X
and each {i,j} C I, let wl € X be such that w:’j = wj, w;’j = w;, and for each
keI\{ij}, w,ic’j = wy. Foreache = (=, w) € &, lete" = (=, w").

A rule is a function f: & — X that maps each economy e € & to a matching
f(e) € X. We denote the house that agent i receives at e by f;(e).

We focus on a rule that satisfies the following property.

Endowments-swapping-proofness: There existnoe = (>-,w) € & and {i,j} C I
such that f;(e") =; fi(e) and fi(e"]) =; f;(e).

9For any finite set A, |A| denotes the cardinality of A.
19We will discuss the implications of relaxing this assumption in Section 5.



Endowments-swapping-proofness formalized by Fujinaka and Wakayama (2018) re-
quires that no pair of agents benefits from swapping their endowments before
operating the given rule.

3 Top trading cycles

If |I| = |H]|, there are no social endowments. This case is called the “housing
market,” following Shapley and Scarf (1974). The most prominent rule for this
market is Gale’s TTC rule because it satisfies a list of desirable axioms, includ-
ing endowments-swapping-proofness (Moulin, 1995; Fujinaka and Wakayama, 2018).
This section points out that some of the “extended” TTC rules violate endowments-

swapping-proofness in our problem.

3.1 Structure of ownership rights

We first introduce some notation. For each I’ C [ with I’ # @, a submatching
on I’ is a function ¢: I’ — H such that for each h € H, |c=(h)| < 1. We use
the notation ¢® to represent the situation in which all agents and all houses are

unmatched. For convenience, we consider ¢® as a submatching. Let S be the set

of all submatchings. Note that X C Sand 0? € S. Let S = S\ X be the set of
submatchings except for matchings. For each o € S, let I, C I and H, C H be
the set of matched agents and matched houses under o, respectively; that is, for
eacho € Switho: I' — H, let

I, =1 and Hy={heH:3iel,h=0(i)}.

For convenience, let [ .o = H,o = @. Moreover, let I, = I\ I, and H, = H \ H,
denote the set of unmatched agents and unmatched houses under o, respectively.
We often regard o € S as a set of matched agent-house pairs; that is, for each
ceSwitho: I' = H, let

c={(ih)€elIxH:icl'andh=0(i)} and 0% =0.
A structure of ownership rights is a collection of functions

{06 He = I} (.0 ex8



We write the structure of ownership rights as O. Given a private endowment
w € X and a submatching ¢ € S, 0¥(h) = i denotes that unmatched house
h € H, is owned by unmatched agent i € I,.

We impose the following two assumptions on O:

(O1) Foreachw € X and eachi € I, 0% (w;) = i.

(02) For each w € X, each {c,0'} C S with o C ¢/, each i € 1, and each
h e Hy,
og(h) =i = om(h) =1i.

(O1) means that each agent is granted the initial ownership right of his endow-
ment. (O2) means that if house / is owned by agent i at a submatching and both
h and i are unmatched at a larger submatching, then / is still owned by i at the
larger submatching.!!

Remark 1. By (O1) and (O2), for each (w,0) € X x & and each I € Hy, if there is
i € I, with h = w;, then 0¥ (h = w;) = i. That is, if house h and its initial owner
are unmatched at o, then i (= w;) continues to be owned by the initial owner at

0. v

Remark 2. Our definition of a structure of ownership rights differs from Pycia
and Unver’s (2017) definition in that it depends on a private endowment as well
as on the submatching already formed. This specification allows us to consider

the situations in which a pair of agents swap their endowments. O

3.2 TTC rules

Given a structure of ownership rights O, a TTC rule associated with O is a rule

TTC?®: & — X that selects a matching obtained via the following algorithm:

TTC ALGORITHM WITH O. Lete = (>,w) € &. Let N be the set of natural

numbers.

e For eachr € NN, let ole,r] € S be the submatching formalized in Round
r12 Let ole,0] = 02. If ole, 7] € S, then the algorithm proceeds with Round
r + 1; otherwise, the algorithm terminates, and then TTC? (¢) = e, 7].

11(02) is referred to as the “consistency” of a structure of ownership rights in Pycia and Unver
(2017).

12Formally, it should be ¢© [e, 7]. When defining notations related to O, we will sometimes omit
O for simplicity if it does not cause any confusion.



e Round r € N is defined as follows: The set of remaining agents and houses

in Round r is I, , 1) U Hy[,,—q)- Bachi € m points to his best house
among H,(,, 1) according to >-;. Each h € H,,,_y) points to Og)[e,r—l] (h) €
Iyfer—1)- Given that the number of agents and houses is finite, there is a
sequence of houses and agents C = (hy(= hyy1),i1,...,hn,in), called a
cycle, such that for each n € {1,2,...,N}, hy, points to i, and i, points to

h,+1. Each agent in each cycle is assigned the house he points to.

e The submatching cle, 7] is the union of ole, r — 1] and the set of agent-house

pairs matched in Round r.

Here, we introduce some notation related to the TTC algorithm with O. For

)

eache € &, eachr € IN, and each {m,m'} C I UH, we write m (e—'r> m’ to represent
that m points to m’ in Round r of the TTC algorithm with O at e. For convenience,
we often regard cycle C = (hy,1iy,...,hy,in) as C = {hy,i1,...,hN,in}. Thus, for
example, m € C or {m,m'} C C means thatm € {hy,iy,..., hy,in} or {m,m'} C
{hy,i1,...,hn,iN}, respectively. For each e € & and each r € N, let C(e,7) be
the set of cycles in Round r of the TTC algorithm with O at e. Hence, if C =
(h(= hns1),i1, ..., hn,in) € CO(e, 1), then for each n € {1,2,...,N}, eachi, €
m, and each h,, € m,
o% (hy) = in;

oler—1]
o foreachh € Hyppp 1)\ {hns1}, by =i, 5
o TTCO(e) = hpi1.

Let I(e,r) (resp. H(e, 7)) be the set of agents (resp. houses) that belong to a cycle
in Round r of the TTC algorithm with O at e; that is,

I(e, r) = Ia[e,r] \ 10'[8,7’71] - U {C N I}/
CeCO(e,r)
H(e/ 1’) = Ha[e,r] \ Ha[e,rfl] = U {C N H}
CeCY(e,r)

Thus, if i € I(e,r) (resp. h € H(e,r)), then agent i is matched with a house (resp.
house h is matched with an agent) in Round r of the TTC algorithm with O ate.
Finally, we mention two features of the TTC rules. The first states that if an un-

matched agent owns an unmatched house in some round of the TTC algorithm,



the house is not matched earlier than the agent. The second, which follows from
the first, states that the initial endowment of an agent is not matched earlier than
the agent.

Fact1. Lete = (=, w) € &, r € N,i € Iy, 1), and h € Hy[p , 1] with 0G|
i. Let (r;,11,) € IN? be such that i € I(e,r;) and h € H(e,ry,). Then, r; < ry,.

e,r—1] (h) -

Proof. Letr’" = min{r; r,}. Note thati € I, »_jyand h € Hy|,v_qand by r <7/,

ole,r — 1] C ole, —1]. Then, by (02), 0 r—1] (h) = i implies e 1] (h) = i.

Thus, h 1) Suppose on the contrary that ¥ = r, < r;. Let C' € C%(e,7")
with h € C'. Then, by h (e 5m) i,i € C' € CYe,r"). However, by r' = r, < 1,
i ¢ C' € CY(e, "), which is a contradiction. O

Fact2. Lete = (=,w) € &andi € 1. Let (r;,1,) € IN? be such that i € I(e,r;) and
w; € H(e,1y,). Then, r; <1y,

Proof. Note that i € Iy(,0), wi € Hyfo, and by (O1), 07, (w;) = i. It follows from
Fact 1 thatr; < r,. O

3.3 Non-endowments-swapping-proof TTC rules

As noted above, Gale’s TTC rule satisfies endowments-swapping-proofness in the
housing market. However, there exists a structure of ownership rights O such
that TTC? violates endowments-swapping-proofness in our problem. The following

example illustrates this fact.

Example 1. Let I = {1,2,3} and H = {hy, hy, h3,hy}. Lete = (-, w) € & be such
that w = (hl,hz,h3) and

=1 72 =3
hy hy hy

hy  hy ks

Then, HY = {hs}. We consider a structure of ownership rights O such that
0%, (hs) = 3 and 09" (hs) = 1. Then, TTC®(e) = (I, ha, hs) and TTC (¢'?) =
(hyg, b1, h3). Hence,

TTCY (e'?) = hy =1 hy = TTCY (e);



TTCS (e'?) = hy =5 hy = TTCY (e),

which implies that TTC® violates endowments-swapping-proofiess. |

4 Results

4.1 Independence condition

Example 1 motivates us to identify a necessary and sufficient condition for a
structure of ownership rights under which the associated TTC rule is endowments-
swapping-proof. The source of the TTC rule not being endowments-swapping-proof
in Example 1 is that when a pair {1,2} swaps their endowments, the owner-
ship right of 4 changes from agent 3 to agent 1. Based on this observation, one
might think that if a structure of ownership rights excludes such a “dependent”
ownership, the associated TTC rule satisfies endowments-swapping-proofness. We
formulate the independent condition as follows:

Independence: For each (w,0) € X X S, each {i,j} C I,, and each h € H, with
0% (h) & {i,j}, 08" (h) = 0% ().

Independence states that when a pair of unmatched agents swap their endow-
ments, the ownership rights remain unchanged except for the ownership rights
of the houses they own.

We can see that independence is sufficient for endowments-swapping-proofness of
TTC rules. However, this condition is not necessary, as shown in the following
example.

Example 2. Suppose I = {1,2,3,4,5} and H = {hy,hy, h3, hy, h5,he}. Let @ =
(h1,hy, h3, by, hs) and & = {(@,0) € X x S: (1,hy) € 0}. We now consider a
priority order >, a linear order over I. For each {i,j} C I withi # j, i I> j means
that agent i has a higher priority than agent j under i>. Let (>, >*) be a pair of
priority orders such that

>0
1 1
4 5
5 4
2 2
3 3

10



We consider a structure of ownership rights OF that satisfies the following con-
ditions: For each (w,0) € X x S and each h € Hy,

(E1) if thereis j € I, with h = wj, then of (h) = j;

(E2) if there isno j € I, with h = w; and (w,0) ¢ %, then for each i € I, \
{02 (h)}, 0§ (h) Y i;

(E3) if there isno j € I, with h = w; and (w,0) € X, then for each i € I\
{02 (h)}, 0§ (h) > i.

That is, OF is such that given (w,0) € X X S and h € H,, if the initial owner is
unmatched, then he continues to own &; otherwise, and in addition, if (w, o) ¢
X (reps. (w,0) € ¥), the unmatched agent with the highest priority under >° (resp.
>¥) owns h.'® The structure O violates independence. In particular, consider
(0,00 = {(1,h4)}), {2,3} C I;, and he € Hp. By (E2) and (E3), 0§ (hs) = 5 and
of;’z's(h6) = 4. This implies that OF violates independence. However, as we will
show later, TTCO” satisfies endowments-swapping-proofness. |

In Example 2, the submatching ¢ = {(1,h4)} is never formalized in any
round of the TTC algorithm with OF at & because @4 = hy is not matched ear-
lier than agent 4 (see Fact 2). That is, although the requirement of independence
is not satisfied for endowment-submatching pairs such as (@,0), the fact does
not affect whether TTCO” satisfies endowments-swapping-proofness. This suggests
that it is sufficient to impose the independence condition only on endowment-
submatching pairs in which the submatching can be formalized in some round
of the TTC algorithm at the endowment. To weaken independence in this way, we
introduce the “attainability” of a submatching ¢, which indicates whether ¢ is
formalized in a round of the TTC algorithm at a given private endowment.

Given a structure of ownership rights O and a private endowment w € X,
a submatching ¢ € § is attainable at w under O if there is a sequence of sub-

matchings (j)4_; such that

(S1) foreachv € {1,2,...,u},

Ho = {(11(= Roy1), 0 (), (3,0(53)) - -, (IR, 0 (iR)) } 5

13(E1) implies that OF satisfies (O1). The proof of the fact that OF satisfies (02) is given in
Appendix D.

11



(S2) foreach {v,v'} C {1,2,...,u} withv # v/,

u
poNpty =@ and | J po =03

v=1
(S3) foreachv € {1,2,...,u} and each iy, € I,
o (0(3) =

where 40 = @ = ¢? and u*~! = J7Z] pa.

We denote the set of attainable submatchings at w under O by M©(w). Note that
? € MO (w).14
The following proposition states that the attainability concept identifies the

submatchings that can be formalized in a round of the TTC algorithm.

Proposition 1. Given a structure of ownership rights O, for each w € X,
MO(w) = {a €S:3-c 2, 3re NU{0}, 0 = a[(>,w),r]}.

Proof. See Appendix A. O

The following condition is a weaker version of independence, imposing the in-
dependent condition only on endowment-attainable submatching pairs.

Restricted independence: For each (w, o) € X x S withe € MP(w), each {i,j} C
I,, and each h € H, with 0% (h) ¢ {i,j}, 0¥" (h) = 0% (h).

4.2 Necessary and sufficient condition

The following theorem states that restricted independency of the structure of own-
ership rights is necessary and sufficient for endowments-swapping-proofness of the

associated TTC rule.

Theorem 1. Given a structure of ownership rights O, the TTC rule associated with O
satisfies endowments-swapping-proofness if and only if O satisfies restricted indepen-
dence.

Proof. See Appendix B. O

4We should consider the sequence (1 (= ?)).

12



Remark 3. The structure OF in Example 2 satisfies restricted independence (see
Appendix D). Therefore, by Theorem 1, TTCO" is endowments-swapping-proof.

Remark 4. If |I| = |H| (that is, the housing market), any structure of ownership
rights satisfies restricted independence (see Appendix D). Notably, in the housing
market, any TTC rule associated with a structure of ownership rights is equiva-
lent to Gale’s TTC rule. Thus, it follows from Theorem 1 that Gale’s TTC rule is
endowments-swapping-proof (Moulin, 1995; Fujinaka and Wakayama, 2018). O

Pycia and Unver (2017) propose a characterization of TTC rules associated
with a given structure of ownership rights in terms of the following three axioms:
A chosen matching cannot be changed in such a way that all agents are at least
as well off as they were at the matching and at least one agent is better off; no
one is made worse off by participating in the rule; no group of agents can gain by
jointly misrepresenting their preferences.

Efficiency: For eache = (>,w) € &, there is no x € X such that for each i € I,
x; Zi fi(e) and for some j € I, x; =; f;(e).

Zi Wi

Y

Individual rationality: For eache = (>,w) € & and eachi € I, fi(e)

Group strategy-proofness: For each e = (>-,w) € &, there are no | C I and
¢’ = ((>},=-j),w) € & such that for each i € J, fi(¢') Z; fi(e) and for some

j €1 fi(e') = file).

Theorem 2 (Pycia and Unver, 2017). A rule satisfies efficiency, individual rationality,
and group strategy-proofness if and only if it is a TTC rule associated with a structure of
ownership rights.

As a corollary to Theorem 1 and Theorem 2, we obtain a characterization of
TTC rules associated with a given restricted independent structure of ownership

rights.

Corollary 1. A rule satisfies efficiency, individual rationality, group strategy-proofness,
and endowments-swapping-proofness if and only if it is a TTC rule associated with a
restricted independent structure of ownership rights.

13



4.3 Application to kidney exchange

Kidney exchange is a particularly important real-life application of our model.
To apply our theorem to kidney exchange, we describe the kidney exchange

1.15

model.” In this subsection, we assume that

H= Loy o, i 1, W}

Vi{ww'} C X, HY = HY = {h}),hz,...,hg}.

We simply write Hy = {h},h3,... hl} for HY. Here, each h € H\ Hy (resp.
ho € Hp) represents a “kidney of a living-donor paired with a patient” (resp. a
“waitlist option for deceased-donor transplant”). Note that |I| = |Hp| (that is,
|H| = 2|I]). We impose the following assumptions on &

(KE1) Foreache = (>,w) € &, eachi € I, and each {hj,hg} C Hy,
j<k = H) - Hf.

(KE2) Foreache = (>,w) € &, foreachi € I,and each h € H \ H,,

o 1 ]’161(6 H()) — [Vho € Hp, h >, hO];
e hi(€ Ho) =i h = [Vho € Hy, hy = h].

Let &XF C & be a set of economies that satisfy (KE1) and (KE2). Note that for
each e € &XF and each {i,j} C I, ¢" € &XE.

Roth, Sénmez, and Unver (2004) generalize Gale’s TTC rule to apply it to this
model. Then, they advocate Top Trading Cycles and Chains (TTCC) rules, each
of which selects a matching via an algorithm that repeatedly finds not only cycles
but also “chains.”!® A chain is a sequence of houses and agents (f11,1, 12,12, - - -,
in_1,hy) such that for each n € {1,2,...,N — 1}, h, points to i, and i, points
to hy.1, and hy € Hp. In the TTCC algorithm, each house hy € Hy does not
point to an agent; therefore, a chain can emerge. The TTCC algorithm must select

15The kidney exchange model was originally proposed by Roth, Sénmez, and Unver (2004).
However, the model here is based on Krishna and Wang (2007) and differs slightly from Roth,
Sénmez, and Unver’s model. The additional assumptions imposed below are necessary to con-
sider the kidney exchange model by Roth, Sénmez, and Unver (2004) under our setting. See
Krishna and Wang (2007) for a detailed explanation of the assumptions.

16Eor conciseness, we omit the detailed description of the TTCC algorithm. See Roth, Sénmez,
and Unver (2004) and Krishna and Wang (2007) for the formal definition of the TTCC rules.
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one chain only if there is no cycle at some round. If multiple chains exist simul-
taneously, the selection of a chain (and whether it is removed or retained in the
subsequent round) depends on a certain “chain selection rule.”

Roth, Sonmez, and Unver (2004) propose six types of chain selection rules and
define six TTCC rules accordingly. They demonstrate that only one of these rules,
called TTCC rule with chain selection rule ¢, satisfies both efficiency and strategy-
proofness. In addition, this rule is equivalent to the TTC rule associated with the
following structure of ownership rights O (Krishna and Wang, 2007):

(KE3) For each (w,0) € X X S and each h € H,, if there is noj e I, with h = wj,
then for each i € I, \ {0%(h)}, 0¥ (h) 1> i, where I> is an arbitrary priority
order.

By Remark 1, for each i € Hy, if there is j € I, with i = wj, 0% (h) = j.
That is, O" is such that for each h € H, its initial owner, if any, is ordered the
highest and the others are ordered according to >; if & is unmatched, then the
highest-ranked agent among the unmatched agents owns h. This structure O"
satisfies restricted independence.'” Therefore, by invoking Theorem 1, we find that
the TTC rule associated with O satisfies endowments-swapping-proofness. That is,
the TTCC rule with chain selection rule e satisfies endowments-swapping-proofness
as well as efficiency and strategy-proofness.

5 Extensions

In this section, we extend our findings in two directions. First, we allow that
some agents have no endowments.!® We can extend our results to this problem.
In particular, our proof of Theorem 1 can be applied to this extended setting be-
cause endowments-swapping-proofness pertains to endowments-swapping by a pair
of “existing tenants.” Second, we allow agents to own multiple houses initially.
Our results hold for this setting as long as each agent receives one house at a

matching.

7The kidney exchange model is considered the house allocation problem with existing tenants
in which there are no “new applicants.” We will discuss the general problem and show that O™
satisfies restricted independence in Section 5.1. See Remark 5.

18Abdulkadiroglu and Soénmez (1999) introduce this extended problem called the “house allo-
cation problem with existing tenants.”
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5.1 House allocation with existing tenants

Let I = Ir U Iy, where Ir and Iy denote the set of “existing tenants” who initially
own houses and the set of “new applicants” who initially do not own any house,
respectively. Let Sj, be the set of submatchings with : Ir — H. Notably, Sy,
is the set of private endowments for this problem. With abuse of notation, we
denote a private endowment by w = (w;)icr, € Si.. Let &ET = 21 x ), be the
set of economies.”

We adjust endowments-swapping-proofness by requiring that a rule is immune

to endowments-swapping collusion by a pair of existing tenants.

Endowments-swapping-proofness: There existno e = (=, w) € &¥T and {i,j} C
It such that f;(e") ; fi(e) and fj(e'/) =; f;(e).

A structure of ownership rights O is a collection of functions

[0¢: Hy I}

(w,0)ES xS’
and (O1) and (O2) are defined as follows:
(O1) Foreach w € S, and eachi € Ig, 09, (w;) = i.

(02) For each w € Sy, each {0,0'} C S with ¢ € ¢/, eachi € T, and each
heHy,
o (h) =i = ou(h) =1i.

We also adjust restricted independence as follows:

Restricted independence: For each (w,0) € S, x S with ¢ € MOP(w), each
{i,j} c I, N Ig, and each h € H, with 0¥ (h) ¢ {i,j}, 0¥" (k) = 0% (h).

We now focus on a structure of ownership rights based on priority orders. For
each h € H, let >}, be a priority order of h, which is a linear order over I. Suppose
that a structure of ownership rights O satisfies the following:

(03) For each (w,0) € Sp, x S and each i € Hy, if thereisno j € T, with h = wj,
then for each i € I, \ {0¥(h)}, 0% (h) >y i.

19 All the other notations, such as TTC® and M©(w), are defined similarly. Thus, we omit the
definitions.
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Recall again Remark 1: By (O1) and (O2), for each h € Hy, if there is i € I, with
h = w;, 0¥(h) = i. Therefore, O that satisfies (O3) is such that for each h € H, its
initial owner, if any, is ordered the highest and the others are ordered according
to I>y; if h is unmatched, then the highest-ranked agent among the unmatched
agents owns h. Notably, the ordering excluding the initial owners may vary from
house to house. The following proposition states that (O3) is a stronger condition

than restricted independence.

Proposition 2. If a structure of ownership rights satisfies (O3), it satisfies restricted

independence.
Proof. See Appendix C. O

It is noteworthy that the structure of ownership rights that satisfies (O3) is
equivalent to the “ownership-adapted priority structure” introduced by Karakaya,
Klaus, and Schlegel (2019). Theorem 1 and Proposition 2 together imply that any
TTC rule associated with an ownership-adapted priority structure also satisfies

endowments-swapping-proofness.

Remark 5. Suppose that a structure of ownership rights O satisfies (O3) for a
profile of priority orders, (I>,)nen, such that for each {I/,h""} C H, >y = >y
Then, the TTC rule associated with O is equivalent to the YRMH-IGYT rule (Ab-
dulkadiroglu and Sonmez, 1999).20 Thus, any YRMH-IGYT rule also satisfies
endowments-swapping-proofness. Additionally, if Iy = @, then this structure O
is equivalent to O in the kidney exchange model of Section 4.3. Therefore, by
Proposition 2, O satisfies restricted independence. O

Remark 6. Karakaya, Klaus, and Schlegel (2019) introduce an “acyclicity” con-
dition and characterize the TTC rules associated with ownership-adapted acyclic
priority structures by means of efficiency, individual rationality, strategy-proofness,
consistency, and reallocation-proofness (or non-bossiness).?! Notably, according to
Proposition 2, an ownership-adapted priority structure satisfies restricted indepen-
dence, regardless of whether the priority structure is acyclic. Recall that Pycia and

20gee, for example, Sonmez and Unver (2010) for a formal description of the YRMH-IGYT rule.

2I'The “acyclicity” condition states that rankings of agents do not reverse substantially between
priority orders of two houses. Also, consistency requires that the removal of a set of agents and
houses does not affect the matching of the remaining agents and houses; reallocation-proofness re-
quires that no pair of agents can gain by misrepresenting their preferences and swapping their
matched houses within the pair; and non-bossiness requires that no one can affect other agents’
matchings without changing his matching. See Karakaya, Klaus, and Schlegel (2019) for the for-
mal definitions of these properties.
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Unver (2017) characterize the TTC rules associated with a given structure of own-
ership rights. Note also that Theorem 1 and Corollary 1 hold in this setting be-
cause the proof of Theorem 1 can be applied. By comparing the characterizations
in the two prior studies with our own, we see that the class of rules character-
ized by Corollary 1 lies between the class characterized by Karakaya, Klaus, and
Schlegel (2019) and the class characterized by Pycia and Unver (2017). O

5.2 Multiple endowments

We introduce some definitions for the multiple endowment case, which differ
slightly from those for the single endowment case.??> With abuse of notation, for
each i € I, let w; C H denote the set of i’s endowments. Suppose that for each
i€l,w;#@, foreach {i,i'} C Iwithi# i, wiNwy =@, and U;c;jw; C H. Let
w = (wj)jcr be a private endowment and Q) be the set of private endowments.
An economy is defined as e = (=, w) € &ME = 2! x Q). For each w € O and
each {i,j} C I, let

O (w) = {w’eQ: wi U ewj = iU e }

VkeI\{ij}, w, =wy

Endowments-swapping-proofness is extended for the multiple endowments case

as follows:

Endowments-swapping-proofness: There existnoe = (-,w) € &ME, {i,j} C I,
and o' € O (w) such that f;(-,w’) = fi(e) and f;(>=, ') =; fi(e).

A structure of ownership rights is denoted by

{06 He = Io} (4 mycans -
and (O1) is defined as follows:
(O1) Foreachw € O, eachi € I,and each I € w;, og’@(h) =1

Restricted independence is also extended for this case as follows:

Restricted independence: For each (w, o) € QO x Switho € M9 (w), each {i,j} C
T,, each h € H, with 0¥ (h) ¢ {i,j}, and each ' € Q¥ (w), 0¥ (h) = 0% (h).

22 All the other notations are defined similarly. Thus, we omit the definitions.
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Applying the proof of Theorem 1 to the multiple endowments case under the

single-unit demand assumption is straightforward with these modifications.

6 Concluding remarks

We conclude with a list of the remaining questions and a proposal for future
research directions.

6.1 Characterization without efficiency

It is of interest to identify the rules that satisfy individual rationality, group strategy-
proofness, and endowments-swapping-proofness. In the housing market, Fujinaka
and Wakayama (2018) characterize Gale’s TTC rule based on these three axioms.
Feng (2023) extends this characterization to the multi-type housing market. Build-
ing on these studies, a natural question arises: which rules satisfy these axioms
in our problem? In our problem, dropping efficiency from Corollary 1 can en-
large the class of rules. For instance, consider the following rule f*: for each
e= (>, w) € &, f*(e) selects the matching obtained by Gale’s TTC algorithm, as-
suming that the set of available houses is restricted to H \ HY. Importantly, this
rule f* satisfies the three axioms, although it is not associated with a structure of
ownership rights. It remains an open question to characterize the class of rules

obtained by dropping efficiency from Corollary 1.

6.2 General priority structure

In Section 5.1, we assume that a priority order of a house is independent of en-
dowments. Without this assumption, some ownership-adopted priority struc-
tures may violate restricted independence even if the agents are ranked according
to the priority order. Given w € X and h € H, let >}’ be a priority order for h at
w. Consider a structure of ownership rights O that satisfies the following: for a
private endowment w € X, a house h € HY, and a pair of agents {i,j} C I,

e foreachk € I\ {i,j}, k>¢ i > jand i D;;)z}f j Dzji,j k;

e for each («/,0) € {w,w"} x S with h € H, and each k € I, \ {o¥ (h)},
0% (h) > k.
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This structure O violates restricted independence because 0?2 € M%(w), 04, (h) ¢
{i,j}, and 0%’ (h)
proofness. That is, the TTC rule associated with an ownership-adapted prior-

i. This implies that TTC® violates endowments-swapping-

ity structure may violate endowments-swapping-proofness if the priority order of
a house depends on endowments. It is an open question to identify the class of
profiles of such general priority orders such that the TTC rules associated with

the priority orders satisfy endowments-swapping-proofness.

6.3 Multi-demands

Atlamaz and Klaus (2007) investigate the object reallocation problem in which
each agent has multi-demands and multiple endowments.”> They show that on
the domain of separable preferences, no rule satisfies efficiency, individual ratio-
nality, and a weaker property than endowments-swapping-proofness, called transfer-
proofness (no pair of agents can benefit from transferring part of one agent’s en-
dowments to the other agent before the operation of a given rule).?* Thus, this
incompatibility holds with endowments-swapping-proofness in the multi-demands
setting. One way to avoid this negative result is to restrict the domain of prefer-
ences. For the multi-demands model, several “generalized” TTC rules have been
proposed in previous studies (Papai, 2003; Bir6, Klijn, and Pépai, 2022; Altuntas,
Phan, and Tamura, 2023; Feng, 2023). It remains for future research to investigate
whether these generalized TTC rules satisfy endowments-swapping-proofness on a
restricted domain.

A Appendix: Proof of Proposition 1

Let w € X and

S*(w) = {UES: 1> € 9”1,31’ENU{O},UzU[(haJ),r]}.

23 Atlamaz and Klaus (2007) consider the problem in which an agent’s endowment can be empty
and there can be social endowments. Therefore, their problem is considered a generalization of
house allocation with existing tenants.

2Transfer-proofness is weaker than endowments-swapping-proofness as defined for the multiple
endowments case in Section 5.2. This is because endowments-swapping-proofness pertains to all
forms of manipulation involving the swapping of endowments between agents, including cases in
which one agent transfers only part of his endowments to another. Also note that transfer-proofness
discussed by Atlamaz and Klaus (2007) is stronger than the one proposed here because it allows
the receiver in the manipulating pair to be indifferent after the rule is operated. Nevertheless,
their proof shows that the incompatibility persists even under this weaker condition.
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We prove M (w) = S*(w) in two steps.

Step 1: MO (w) C S*(w). Letp € M (w). If p = ¢2, then ¢? = ¢[(=,w),0]
for each = € 22!. Thus, we below consider the case o # ®. Then, there exists a
sequence of submatchings (p)%_, that satisfies (S1) to (S3). Note that by (S1), for

v=1
eachv € {1,2,...,u},

Ho = {({{ (= iR y1), p(7)), (13, 0(13)), - .., (e, 0(iR)) } C p.

Foreachv € {1,2,...,u}, let PY = {p(i1),p(i3),...,p(i¥) }. We proceed in three
steps.

» Substep 1-1: Constructing the economy. Let =’ € 2! be such that
(i) foreachv € {1,2,...,u} and each i} € I,

e foreachm € {1,2,...,v —2}, p(if") >§Z p(iTH);
o Ut (=, p(iy) =P

(ii) foreachk € I_p,

e foreachm € {1,2,...,u — 1}, p(if") > P(iTH)?
o U (-}, p(if)) =P L.

This preference profile " can be described as follows:

e, Thel, Thel, 7 Tiel, kel
o(iy)  p() - p@) - p() ()
: p(i%) p(B) - p@d)  p(3)
o(i571) p(@ Y @Y

Lete' = (=/,w) € &. Note that o[e’,0] = u® = @ = ¢°.
» Substep 1-2: For each v € {1,2,...,u}, ole’,v] = u®. Letv € {1,2,...,u}.

Suppose that for each z € {0,1,...,v — 1}, g[¢/,z] = y*. Then, by the definition
of >’ (Substep 1-1),
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e foreachk € I 1, , 11 e/ o—1] \Iv—lv 1\1;4v/ (e 4

e foreachij € I, iy (—>)p( 9).

These

Inaddition, by (S3), for each i;; € I;,,, 0%, , ) (0(i7)) = 0,1 (p(i7)) = iy 4.

imply
CO(e,0) = {(p(iRe), 1, p(), 85, ..., p(Ro 1), Re)}  and ole, 0] = ",

» Substep 1-3: Concluding. By Substep 1-2 and (S2), o[¢/,u] = Uh_1 o = p,
which implies p € §*(w).

Step 2: S*(w) C MO (w). Let o € S*(w). Then,
3= c 2, 3re NU{0}, 0 = o[(-,w),7].

Lete = (>,w). If r = 0, then it is obvious that o[e,0] = 02 € MY (w). Thus,
we assume r > 0. Letu = |Uj_, CO(e, t)|. Then, we can order the cycles in
Ui_1 C9(e, t) as (Cy)"_,, where for each {v,v'} C {1,2,...,u},

[C, € C9(e,5), Cy € CO(e,s'),and s < '] = v < V.
In addition, for each v € {1,2,...,u}, we can regard

v ;0 v ;0 (4 0
Co = (h1,11, 15,13, - - ., A, iNp)

as a submatching u, € S such that

o = { ({1 (= iRo 1), B3 (= ole, 7] (1Y), -, (iR, 1 (= ole, 7] (i) } -

The sequence of submatchings (y,)%_; satisfies both (S1) and (S2). Therefore, we
below show that (S3) holds. Pick any v € {1,2,...,u} and any i;; € I,,. Let
Cy € C9(e,s) and v* € {0,1,...,u} be such that

. 0 ifs=1
v =
max{v’e{1,2,...,u}:CU/ECO(e,s—l)} if s > 2.

Note that 4% = ofe,s — 1] C u®~'. Then, i € Lo, by 4 € H,p1, and by
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Co € CY(e,3),
Ogle,s—1 (@1 71(i0)) = 055y (1) = By,

which together with (O2) implies 0]‘:’”,1 (cle,r](i%)) = i ,. Hence, we have o €

n+1-
MO (w). O

B Appendix: Proof of Theorem 1

B.1 The if part

We begin by proving an important lemma for the proof of the if part. This lemma
states that the swapping of endowments between a pair of agents does not affect
the cycles formed in the round prior to the round in which one of the two agents
was removed from the TTC algorithm at the original economy, nor does it change
the timing of the formation of the cycles.

Lemma 1. Suppose that a structure of ownership rights O satisfies restricted indepen-
dence. Let e = (>-,w) € & and {i,j} C ITwithi # j. Let (ri,r;) € IN? be such that
i€l(er)andje I(er;). Then, foreacht € {1,2,...,min{r;, rj} —1},

CY(e, t) C CO(e, 1).
Proof. Letr = min{r;,r;} and t € {1,2,...,r — 1}. Suppose that
Vse{1,2,...,t =1}, C%,s) CCO(e",s). 1)
We now show C% (e, t) C CO (e, t). Let
C* = (h(= hns), i1 ha o, ... By, in) € CO (e, ).
Let {iy, h,} C C*. Then,
TTC(e) = hyy1 and 0, , 4;(fn) = in. 2)

Byi, € I(e,t)and t <r—1,
in & {i,j}. 3)

Then, h, ¢ {w;, wj}; otherwise, by {i,j} C Ipier—1) C Iofes—1) and (2), ogd[e,t_” (hy)

=i, € {i,j}, which is a contradiction to (3). By (2) and (02), there is s, €
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{1,2,...,t} such that for each s € {1,2,...,t},
e if s < s,, then og[es_l] (hp) # in;
e ifs, <s, then og’[esfl] (hp) = in.

Let (rfn,rzn,r;lnﬂ) € IN° be such that i, € I(e/, rfn), h, € H(ei’j,r;l”), and h, 1 €
i,j / . .
H(e",r), ). We proceed in eight steps.

Step 1: by 11 Zi, TTCY (e'7). Leth € U™ (>, hyy1). By in € I(e,t) and (2), 1 €
Hys—1)- Then, there are s’ € {1,2,...,t — 1} and £ € I(e,s") with TTCS (e) = h.
It then follows from (1) that for each s € {1,2,...,t — 1} and each k € I(e,s),

kel(e,s) and TTCP(e) =TTCP (e").

This implies ¢ € I(¢"/,s') and TTC? (') = TTCP(e) = h. Hence, TTC? (¢'f) #
h. Thatis, hy, 41 Zi, TTCS(ei'j).

Step 2: 7}, < r; . It follows from Step 1.

Step 3: s, < r;, . Suppose on the contrary that r;, <'s,. Let { = s (hy).

7 hi’l
By r;ln < sy, U # iy. This together with Offu[e,sn—l](h”) = ip implies £ € Iy, 1] »

Then, thereisry € {r} ,r, +1,...,5, —1(< t —1)} such that £ € I(e,r¢). This
together with (1) implies that

3¢t € C9e,ry) € COe,ry), L e Ct 4)

and ¢ € I(e",ry). By rzn < ry, it holds that ¢ € Io.[ei,j,r} 1 In addition, it follows
from (1) and rj, —1 <s, <t that

!
n

ole,r, —1] Cole”,r, —1]. (5)

Note that by Proposition 1, oe, ”;1,1 —1] € M%(w) and by r;ln <sp <t<r-—1,
{Z,]} C Io*[e,rfl] C 1(7[8,1’;7"—1]' Further, h, € H‘T[e'rlgn_l] and o% _1](]/1”) =/ ¢

olery,

PU L ¢ Iy, 1), by ole, 1, —1] C ole,s, — 1], (O2) implies 05,1 () = £, which contradicts

e,5n
0?[8,5,,—1] (l’ln) = 1y.
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i,7}.26 Then, restricted independence implies
) P P

ij
0 lesy, 1 () = Ol _qy(Ftn) =L (©)
Then, by h, € Ha[ei,j,riz ] and ¢ € Ia[ei,j,riz _1) (O2) together with (5) and (6)
implies ! !
ij
Og[ei,j/rzn_” (hn) = /.
Thus,

3ctt e, ry, ), {h, £} c CT

By ¢ € C' € C9(e', 1), this together with (4) implies h, € C** = C* € C(e, 7)),
which contradicts h,, € C* € Co(e,t) wherer) <s, — 1< t.

Step 4: r; < r; . Notethath, € H,|,,,_1 and by (2) and (3), 0 esn—1] (hy) =iy &
{i,j}. By Proposition 1, o'e,s, — 1] € M®(w). Since {i,j} C Iyjor—1] C Ipes,—1)s
restricted independence implies

02"[12’,5"_1] (hn) = 00 g, 1) (1) = in: 7)
It then follows from (1) and s, — 1 < t — 1 that
ole,sp —1] C U[ei’j, sn — 1]. (8)

This together with Step 3 implies that

®) g Step3 ..
ole,sn —1] C ole",s, —1] C ole,r, —1]. 9)
In addition, by h,, € H(eiff, 7’;1,1)' h, € Ha[ei,j’r;l 1] Ifi, € Ia[ei,j’r;l _) (O2) together
with (7) and (9) implies ' '
ij .
Of[eilf,r;nq] (hn) = in.

Then, by Fact 1. we have rl’-n < riln. Ifi, € Ia[ei,j,r;m_”, we have rlfn < r;ln.

Step 5: r* = r/ = r! . By Steps 2 and 4,
P iy hy y P

Step 4 Step 2 Step 4 Step 2 Step 4 Step 2 Step 4 Step 2
/ P / P / P / P / P P / <p / <p /
i < "y < Tiy < Thy < ivy < ... < t, STy, ST
2601f OcLTu[e,r,’l —1] (hn) =/l € {i/j}/ by {l/]} c Iv[e,rfl] C I(T[e,snfl] and 0’[6, r;,n - ” - 0’[6, Sp — 1]/

(02) implies 0;"[3 601 (hy) = £ € {i,j}. Since ol‘;’[e sn—l](h”) = iy, we have ¢ = i, € {i,j}, which
contradicts (3).
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Then, there is r* € N such that r* =7, =7} .

Step 6: C* € C© (€™, r*). Step 5 implies that

{il, in,..., iN} C Ia[ei'f,r*fl] and {hl, hy,... ,hN} C Ha[ei'f,r*fl]' (10)
Recall thatby Step 1, 1,11 725, TTCf(ei'j). Hence, TTCi(:(ei'f) =l = TTCZ.?(e);
if hyy1 >, TTCZ-? (), agent i, does not receive his best object in H(giji e _q) N
Round r* = r{ at¢"/. Note that /i, € Hy,s, 1] and by (2) and (3), O lessn—1] (hy)
=i, ¢ {i,j}. Further, by Proposition 1, cle,s, — 1] € M®(w). Since {i,j} C
Lyfer—1) C Lofess,—1), Testricted independence implies

0‘67'0[25"_1] (hn) - 0(670[6/511_1} (hn) - Zn (11)
By Steps 3 and 5,
Step 3 S
5 < o2 ° T, (12)

Then, it follows from (1) and s, — 1 < t — 1 that
ole,sy —1] C U[ei'j, sn — 1]. (13)

By (12) and (13),

(13) .. (12) .
ole,sn —1] C ole”, sy —1] C ole,r* —1]. (14)

Then, by (10), (O2) together with (11) and (14) implies ogf[’;f; i (hy) = iy. Hence,
C* = (hll il/ hz, i2, e ,hN’ ZN) c Co(ei,j, r*).

Step 7: r* = t. Suppose on the contrary that t # r*. There are two cases.

e Case 7-1: t < r*. Note that h, € H,[,;_1] and by (2) and (3), og’[etfl] (hp) =iy &
{i,j}. Further, by Proposition 1, le,t — 1] € M®(w). Since {i,j} C Iyjer—1] C
Ly(e,t—1), restricted independence implies

03’[1;@_1] (hn) = 051 (hn) = in. (15)
Then, it follows from (1) that

ole,t — 1) C ole, t —1]. (16)
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In addition, by t < r*,i, € Ia[ei,j,r*_l] C I(T[ei,jlt_” and h,, € Ha[ei,j,r*_” C Hg[ei,jlt_l].
Hence, (02) together with (15) and (16) implies

Owi/j }(hn) — in.

olet t—1

Then, by C* ¢ CO(ei'j, t) and C* € Co(ei'f,r*) (Step 6), there are i, € C* and
h € Hyppij,_q such that b =, iy = TTCP (¢') and iy %}, Note that by
(16),

el t
—

he Ho*[e'?f,t—l] - HO’[e,t—l]'

However, by i =; hy1 = TTClg(e) and iy, € C* € C9(e, t),
he Ha[e,tfl}/

which is a contradiction.

e Case 7-2: r* < t. Then, by Steps 3 and 5,

Step3 Step 5
Sy < rf = r, <t—1,

which implies o(‘T"[e (t-1)1] (hy) =in. Then, by C* ¢ Co(e, t—1)and C* € C%(e, 1),

there are i, € C*and /i € H(e,t — 1) such that /i >;, hy41 = TTC{ (e) and

(et~1)

im V. Further, by (1), i € H(e,t — 1) implies

heHe",t—1). (17)

However, by Step 6, i >=; hy1 = TTCg(ei'f) and i, € C* € CY(e",r*), which
imply h € H,(gij »+—q]- Then, there is r;-l € {1,2,...,r* — 1} such that

he H(e",r}).

Since r; < t — 1, this contradicts (17).

Step 8: Concluding. By Steps 6 and 7, C* € € (e?/, t). Hence, we have C (e, t) C
CO (e, t). O

We are ready to prove the if part.

Proof of the if part. Suppose on the contrary that a structure of ownership rights O
satisfies restricted independence but TTC® violates endowments-swapping-proofness.
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Then, there existe = (>, w) € & and {i,j} C I such that
TTC (/) =; TTCY(e) and TTC (")) »; TTCP (e). (18)

Let (r;,r;) € N?besuch thati € I(e,7;) and j € I(e, ;). Without loss of generality,
we assume 7; < 7. If r; = 1, then by (18), agent i does not receive his best object
in H in Round 1 at e, which is a contradiction. Thus, r; > 2. By (18), letting
h=TTCP(e"),h € Hyly,—q]- Then, thereexistt € {1,2,...,r;— 1} and k € I(e, t)
such that TTC? (e) = h. In addition, by Lemma 1, C%(e, ) C CY(¢'/, ), which
implies TTCY (e'7) = TTCP (e) = h. Since i # k, this contradicts TTC? (¢'/) =
h. O

B.2 The only if part

We prove this part by the contrapositive. Suppose that a structure of ownership
rights O violates restricted independence. Then, there exist w € X, p € Mo(w),
{i,j} € I,,and h € H, such that

0¥ (h) & {i,j} and 0% (k) # 0% (h).

By p € M9 (w), there exists a sequence of submatchings (y»)"_ that satisfies (S1)
to (S3). Without loss of generality, we assume that for each v € {0,1,...,u — 1}
and each h € Hyo with o5 (h) ¢ {i,j},

0% (h) = 0% (h).7 (19)

Let £ = of(h) ¢ {i,j} and ¢’ = o ”(fz)(;«é (). Note that {¢,£'} C I,. There are

two cases.

e Case 1: ¢/ € {i,j}. Without loss of generality, we assume ¢'(= o‘p"i'j(fz)) =
Note that by (S1), for each v € {1,2,...,u},

Ho = {(11(= e 11),0(i0)), (13, 0(33)), - (iR, p(iR)) } C p-

YForeachv € {0,1,...,u}, u° € MP(w), and {i,j} C I, = I C I,o. Hence, we can consider
the smallest ¥’ € {0,1,...,u} such that (i) there exists i € H s such that 0;), (h) ¢ {i,j} and

o;j;f (R) # 0%, (), and (i) for each v € {0,1,..., o' ~ 1} and each h € Hyo with o () ¢ {i, j},
ij o
O% (h) = it (h).
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Recall that foreachv € {1,2,...,u},let PY = {p(i1), p(i3),..., p(i) }. We proceed
in four steps.

Step 1-1: Constructing the economy. Let = € 2! be such that:
(i) foreachv € {1,2,...,u} and each i} € I,
o foreachm € {1,2,...,0—2}, p(if") = p(i"*1);
o Ut (=,p(i) = P
(ii) for eachk € E and eachm € {1,2,...,u — 1}, p(i") > p(ii”“);
(iii) foreachk € I, \ {i,j, ¢}, U (>, p(i%)) = P*7%;
(iv) p(i¥) =; h =; w;and U* (=;, ;) = P* U {h};
V) p(if) =jw;i =j wjand U" (=}, w;) = P* U{w;};
(vi) p(i%) =y hand U* (>4, h) = P".

This preference profile > can be described as follows:

~ilel, TBel, T Tiehy T Tiehy  Tkel\{ijl) ~i ~j ~
o(iy)  p@) - pG) - p(d) o(i}) o(il)  p@})  p(d)
o(i2) o(i3) p(i3) o(i3) p(@)  p@)  p(d)
p(i571) @Y e p@Y e e

Lete = (>, w) € &.
Step 1-2: TTCP (e) = w; and TTC]O (e) = wj. By the argument similar to Step 1
in the proof of Proposition 1, we have ole, u] = Us_; pto = p. Then, we can easily
check that

(h,0) € COe,u+1), (w;i)eCeu+2), and (wj,f) € CO(e,u+3).

This implies that TTC (¢) = w; and TTC]-O(e) = w;j (Figure 1).
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.g < E
(a) Round u 41 (b) Round u + 2

B —
Ow], < .]'

(c) Round u + 3

Figure 1: Step 1-2.

Step 1-3: TTCP (¢"/) = h and TTC].O(ei'f) = wj;. Note that for each v €

{1,2,...,u} and each iy, € L, p(i}) € Hyp1. In addition, by iy, € I, and
{i,j} L,
01 (p(82)) = i, ¢ {i ).

It thus follows from (19) that for each v € {1,2,...,u} and each i} € I,

0 1 (p(if) = 0% (p(in)) = i 1.

Then, by the argument similar to Step 1 in the proof of Proposition 1, we have
olel,u] = U'_{ o = p. Then, by 0¥’ (h) = 0%’ (h) = i and 0(‘;’[’] (w;) =

g olet u) P [e"] u]
o;;’l'] (wi) = j (Remark 1), it holds that

{(h,i),(w;,j)} € CO(e", u+1),

which implies that TTC (¢"/) = h and TTC](Q(ei'j ) = w; (Figure 2).
Step 1-4: Conclusion. By Steps 1-2 and 1-3,

TTCP (e) = h =; w; = TTCP (e),
TTCP () = w; = wj = TTCY (e),

which imply that TTC? violates endowments-swapping-proofness.

e Case 2: £/ ¢ {i,j}. We proceed in four steps.
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Figure 2: Step 1-3.

Step 2-1: Constructing the economy. Let = € 2! be such that
(i) foreachv € {1,2,...,u} and each 9 € {i},15,...,i%.},

o foreachm € {1,2,...,v =2}, p(if") =t P(iTJrl)?

o U (g p(i8)) = PO,
(ii) foreachk € Iy and eachm € {1,2,...,u — 1}, p(if") = p(if"™1);
(iii) foreachk € I, \ {i,j, £, '}, Ut (>, p(i%)) = P*};
(iv) p(i%) =i h =; wiand U" (=;, w;) = P* U {h};
V) p(if) =j wi =j wjand U (>}, w;) = P* U{w;};
(vi) p(i¥) =; hand Ut (=, h) = P¥;
(vil) p(if') = wjand U (-, w;) = P*.

This preference profile > can be described as follows:

~ilel,, el T TiEl, T TiMely,  Tkel\{ijtl} 7 ~j ~t v
p(iy)  p@) - pG) - p(i) p(i7) p(i) o) pG1)  p(i)
: o(i%) p(i) - (i) p(i3) (@) @) e p@)
o771 G BTG I (i B 1 () I G B (i

o(i?) : : : : : :

: o™ e Y e e et

p(in) p(i}) p(if)  p()  pGf) el

: : h wj h w;

w; wj :
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Cg/ .g < 7 .g/
(a) Round u 41 (b) Round u + 2

B —
Ow], < .]'

|

[ ] Y
(c) Round u + 3

Figure 3: Step 2-2.

Lete = (>, w) € &.

Step 2-2: TTCP (e) = w; and TTC]-O (e) = wj. By the argument similar to Step 1
in the proof of Proposition 1, we have e, u] = U}_; ptv = p. Then, we can easily
check that

(,0) €eCOe,u+1), (w;i)eCeu+2), and (wjj)eCe,u+3).

This implies that TTC (¢) = w; and TTC]-O(e) = w; (Figure 3).
Step 2-3: TTCP () = h and TTCf)(ei'f ) = w;. By the argument similar to
Step 1-3, we have o[e"/,u] = J'_; 4o = p. Then, by 03’[1:;-,]- y (h) = o;”i'j(fz) =/,

0(‘7"[2]{,]»/” (w;) = og;lll(wi) = j, and 02"[2]@]‘,”} (wj) = Og’”](wj) = i (Remark 1), it holds

that
{(wj,i,h,0), (w;, )} € COe",u+1),
which implies that TTC (¢"/) = h and TTC](Q(ei'j ) = w; (Figure 4).
Step 2-4: Conclusion. By Steps 2-2 and 2-3,
TTCE (e") = h =; w; = TTCP (e),
TTCP (¢") = wi = w; = TTCY (e),

which imply that TTC? violates endowments-swapping-proofness. 0
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Figure 4: Step 2-3.

C Appendix: Proof of Proposition 2

Given a profile of priority orders g = (>}, ) sey, suppose that a structure of own-
ership rights O™ H satisfies (O3). We then show that O™ H satisfies restricted inde-
pendence. Let w € Sy, 0 € MO (w), {i,j} € I, N Ig, and h € Hy be such that
0¥ (h) ¢ {i,j}. There are two cases.

e Case 1: For some k € I, h = wy. Then,
O1) and (O2 ..
o () = o (wy) V= Pk ¢ (i), (20)

which implies wli’j = wy = h. In addition, by k € I, and wli’j =wy=h € Hy,

i i ij, i\ (Ol)and (02) , (20)
0" (h) = o (wi) = 0" (w) =TT k= o ().

e Case 2: Foreach k € I, h # wy. By (03), foreach k € I, \ {0% (h)}, 0¥ (h) >}, k.

If there is k € I, such that h = w,lc’] , then one of the following holds:
() k = i. Then, 1 = w! = wj.
(b) k = j. Then, h = w;?f - w;.
() k & {i,j}. Then, h = &}/ = wj.

All cases contradict that for each k € I,, h # wy. Thus, there is no k € I, such
that h = w;’. Then, by (03), for each k € I, \ {0¥”(h)}, 0¢” (h) >} k. Hence,
04" (h) = of (h). O
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D Appendix: Omitted proofs

D.1 Omitted proof in Example 2

Here, we show that O satisfies (02). Let w € X, {7,0'} C Swithec co,iec I,
and h € H,. Suppose 04 (h) = i. If h = w;, by (E1), 0% (h) = i. Thus, it suffices to
consider the case in which there is no j € I, with h = w;j. There are two cases.

e Case 1: w # wor (1,hg) & ¢’. Then, {(w,0),(w,0’)} NZ = @. By (E2), for
eachj € I, \ {o¥(h) =i}, i j. By o C o, (i €)1, C I, which implies that for
eachj € I\ {i}, i ¥ j. Hence, by (E2), 0% (h) = i.

e Case 2: w = @ and (1, hy) € o’. We proceed in two steps.

Step 2-1: (1,h4) € 0. Suppose on the contrary that (1,h4) ¢ . Then, (&, 0) ¢ X.
If 1 € I, then there is b’ € H\ {hy} with (1,h') € ¢ and thus, ¢ C ¢’ implies
(1,1') € ¢', which contradicts (1,h4) € ¢’. Hence, 1 € I,. By (E2) and w = @, for
eachj € I, \ {0%(h) = i}, i >0 j. This together with 1 € I, and the definition of
>0 implies i = 1 € I, which contradicts (1,h4) € ¢’

Step 2-2: Concluding. By Step 2-1, {(w,0), (w,0’)} C X. By (E3), for each j €
I, \ {o%(h) = i}, i ¥ j. By o C ¢, (i €)ly C Iy, which implies that for each
j € I\ {i}, i >* j. Hence, by (E3), 0% (h) = 0% (h) = i. O

D.2 Omitted proof in Remark 3

Here, we show that O satisfies restricted independence. Let w € X, 0 € MO* (w),
{i,j} C I, and h € H, be such that 0¥ (h) ¢ {i,j}. We first consider the case
in which there is k € I, with h = wy. Then, by (E1), o¥(h) = k ¢ {i,j}, which
implies w/ = w; = h. Hence, by (E1), 0" () = k = 0% (h).

Next, we consider the case in which there is no k € I, with # = wy. Let
¢ = o¥(h) ¢ {i,j}. By (E2) and (E3), ¢ is the agent with highest priority in I,

under either > or >%; that is, we have either
e foreachk € I\ {¢}, ¢ >0k or
e foreachk € I, \ {¢}, { >* k.

Then, there isno k € I, with h = w,ic’j B LetV = of;’i’j(h). By (E2) and (E3), ¢’ is
the agent with highest priority in I, under either >¥ or >*; that is, we have either

28Otherwise, one of the following holds:
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e foreachk € I, \ {¢'}, ¢’ " kor
e foreachk € I, \ {¢'}, V' >* k.

There are three cases.

e Case 1: Either @ ¢ {w,w"} or (1,h4) € 0. Then, {(w,0), (w",0)}NZ = @.
By (E2), both £ and ¢’ are the agent with highest priority in I, under > and thus,
t=1.

e Case2: w = @and (1,h4) € 0. Then, (©,0) € L and (&, 0) ¢ . By (E2) and
(E3), ¢ (resp. ') is the agent with highest priority in I, under >* (resp. ). By
o € MO (&) and (1,h) € o0, there is a sequence of submatchings (po)h_, that
satisfies (S1) to (S3) and in particular, for some v € {1,2,...,u},

po = {0 (1 = L,0() = ha), (if1 = 0% 1 (ha),0(E1)), .. } C o

and u*~! C 0. We proceed in two steps.

Step 2-1: {4} C I,. Suppose on the contrary that {4} C I,. By u*~! C o, {4} C
Lo-1. This together with &4 = hy € H,p-1 and (E1) implies i} ; = ofv,l(hzl) = 4.
Thus, {4} C I, C I, which is a contradiction.

Step 2-2: Concluding. Step 2-1 together with (1,h4) € o implies I, C {2,3,5}.
Since the orders under > and >* in {2,3,5} are the same, / is also the agent with
highest priority in I, under >°; that is, £ = ¢

e Case 3: w"/ = @ and (1,h4) € 0. Then, (w,0) ¢ L and (W = @&,0) € .
By (E2) and (E3), ¢ (resp. ¢') is the agent with highest priority in I, under >
(resp. >¥). We proceed in three steps.

Step 3-1: w4 = hy. Suppose on the contrary that wy # hy. By wi’j = Wy = hy,

4e{ij} Cl. (21)

This together with (1,h4) € ¢ and the definition of > implies that agent 4 is the
agent with highest priority in I, under . Hence, by (21), 0% (h) = ¢ =4 € {i,j},

which is a contradiction to ¢ ¢ {i,j}.

_ R R
(@) k=1i.Then, h = w;’ = w;.
(b) k= j. Then, h = w;ﬁ'f = w;.

() keI, \{i,j} Then h = cu,i’j = wy.

However, these contradict that there is no k € I, with h = wy.
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Step 3-2: {4} C I,. By using Step 3-1, an argument similar to Case 2 shows
{4} C L.

Step 3-3: Concluding. Step 3-2 together with (1,h4) € ¢ implies I, C {2,3,5}.
Since the orders under >° and >* in {2,3,5} are the same, / is also the agent with
highest priority in I, under >%; thatis, £ = /'. O]

D.3 Omitted proof in Remark 4

We prove the following proposition.

Proposition 3. If |I| = |H|, then any structure of ownership rights O satisfies restricted

independence.

Proof. Letw € X, 0 € M®(w), {i,j} C I,, and h € H, with 0@ (h) ¢ {i,j}. We
proceed in three steps.

Step 1: Hyr = Ukey, {wk}- By 0 € MP(w), there is a sequence of submatchings
(po)"_; that satisfies (S1) to (S3). Note that

v=1

Hﬂo(: Ho)=0= U {wi}.
kEIﬂQ(:IH@:Q)

Suppose that foreachz € {0,1,...,0v -1},

He= |J {w} (22)

kEIyz

Note that by (S1) and (S3),

to = {((= o 11),0(i))), (15, 0(53)), - .., (iR, 0 (R0)) } C @

and

Let o (i) € Hy,. By 0(i})) € H,o1 and (22), for each £ € I ,,1, 0°(i}) # wy, which
together with |I| = |H| implies that

3k € Lo, 0(iy) = wy. (24)
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Byk € 1 and wy = o(iy) € Hyo,

p ©Dand ©2)

(24) ) (23) .
o1 (Wi) e (0(iy)) =iy

ZnJrll

thatis, 0(iy) = wx = wjz . Hence,

Hyo = Hyo1 U{o(i}),0(5), ..., (%)}
= Hﬂvfl U {wizlj/wlg/ T ’wiUNv}

= U A{wtu U {wn}

kelyv,l kely,

= | {w}-

kGIMU

Consequentially, we have

H(T = Hyu = U {C(Jk} .
kEIg:Iyu

Step 2: Hy = Uyer {wk}- Leth’ € Hy. By Step 1, for each £ € I, ' # wy, which
together with |I| = |H| implies that there is k € I, such that i’ = w;. Hence,

Hy C | {wit-

kely
Conversely, let i’ € U {wk} - Because there is k € I, such that i = wy,

h/ % U {Wk} Stg)l HU.

kel,

Hence,

U {wi} € Ho.

kely

Step 3: Concluding. Then, by € H, and Step 2, there is k € I, such that h = wy.
By k € I and wy = h € Hy,

w w O1) and (O2 ..
0@ (h) = o (wy) VP kg (i, 51, (25)
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which implies that w]i(’j = wy = h. In addition, by k € I, and w]i(’j =wy=h € H,

ij ij ij , ij\ (Ol)and (02) , (25)
0" () = o (wi) = of () T =TT k= 0f ().
This completes the proof. O
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